Davey and Quackenbush proved a strong duality for each dihedral group D m with m odd. In this paper we extend this to a strong duality for each finite group with cyclic Sylow subgroups (such groups are known to be metacyclic).
Introduction
The first strong natural duality for nonabelian groups was established by Davey and Quackenbush, see [2] . They showed that the dihedral group D m admits a strong natural duality if m is odd. In this paper we generalize this result to finite groups having all Sylow subgroups cyclic. We assume that the reader is familiar with [2] . The definition of a (natural) duality is given in [1, 2] ; here we give it for the special case of finite groups:
Let G = G; · be a finite group. We callG = G; F; P; R; − a (topological) dual structure on the same set G, if .a/ each f ∈ F is a group homomorphism f : G n → G for some n ∈ AE, .b/ each f ∈ P is a group homomorphism f : dom. f / → G, where dom. f / is a subgroup of G n for some n ∈ AE, .c/ each r ∈ R is a subgroup of G n for some n ∈ AE, .d/ − is the discrete topology.
The research of the authors was supported by a grant from the NSERC of Canada. The second author was also supported by grant F023436 from the Hungarian National Science Research Foundation. c 2002 Australian Mathematical Society 1446-8107/2000 $A2:00 + 0:00 378 R. Quackenbush and Cs. Szabó [2] The elements of F, P and R are called operations, partial operations and relations, respectively, and we say that the structureG is algebraic over G. One consequence of this definition is that every n-ary group word is a continuous homomorphism from G n toG. Also as a consequence of this definition we have that for each group A in the quasivariety ÁËÈ.G/, the set of homomorphisms from A to G, denotedX A := Hom(A; G), is a closed substructure ofG |A| and for eachX in the topological quasivariety ÁË c È.G/, the set of continuous homomorphisms fromX toG, denoted AX := Hom(X ;G), is a subgroup of G |X | . Moreover, for each group A ∈ ÁËÈ.G/ there is a natural embedding e A of A into its corresponding double dual AX A given by the evaluation map e A : A → AX A such that e A .a/. f / = f .a/ for each f ∈X A . If e A is an isomorphism for all A ∈ ÁËÈ.G/, then we say thatG yields a (natural) duality for ÁËÈ.G/. If the analogous map žX also is an isomorphism for eachX ∈ ÁË c È.G /, then we say thatG yields a full duality for ÁËÈ.G/.
For instance, if G = Z m = Z m ; + andZ m = Z m ; +; − with F = {+}, P = ∅ = R, thenZ m yields a full duality for ÁËÈ.Z m /, which in this case is the variety of abelian groups satisfying mx = 0; this is a fragment of the usual Pontryagin duality for all abelian groups.
Duality theory tells us that in order to show thatG yields a full duality on ÁËÈ.G/ it is enough to prove the following three conditions: CLO: for each n ∈ AE, every continuous homomorphism :G n →G is a group word on G. INJ:G is injective in ÁË c È.G/. STR: for anyX ≤G I where I = ∅, and for each y ∈G I \X there exists a continuous homomorphism :G I →G such that | X = 1 while .y/ = 1.
When these three conditions are satisfied we call this a strong duality; thus, a strong duality is a full duality. All known full dualities are actually strong dualities. It has long been conjectured that a full duality is always strong, but this remains an open, challenging problem. We shall exhibit a strong duality for groups having cyclic Sylow subgroups.
Preliminary results
For the main goal of the paper we need some structure theorems for groups. The first is from Robinson, [5, 
Then the semidirect product Z n Ó H is determined by a homomorphism ² = .² 1 ; : : : ; ² k / from H into Aut.Z n /, where ² i is the corresponding homomorphism from H into Aut.Z p
Ó H is the corresponding semidirect product. The next theorem tells us how to build recursively a strong duality for Z n Ó H from those for the Z p þ i i Ó H. As often happens in a recursive construction, we need to assume and prove something a bit stronger in order to prove that the recursive construction is correct. A strong duality for K = G Ó H will be called semidirect over H if the following condition holds: letX be a closed substructure of .K / I , :X →K a continuous structure preserving map and : .H / I →K a continuous structure preserving map extending the restriction of to .H / I ; then there is a continuous structure preserving map : .K / I →K extending both and . Now and later in the paper, we make use of the following group theoretic lemma from [2] . LEMMA 2.2. Let G be a group and let ž be a retraction of G onto a subgroup H. Let N be the kernel of ž and let
be the congruence corresponding to N. Define a partial binary operation * , with domain K , by xh * yh := x yh for all x; y ∈ N and h ∈ H (that is, define u
. 
PROOF. Let " i denote the retractions of G to K i by G j for .i; j / ∈ {.1; 2/; .2; 1/}, " the retraction of G to H by G 1 × G 2 . LetK i = K i ; F i ; P i ; R i ; − yield a strong duality for ÁËÈ.K i /. Let s i .n/ = q i .n/r i .n/ be the size of the n-generated free group, F i .n/, in the variety generated by K i , where .q i .n/; |G i |/ = .r i .n/; |H|/ = 1. Also, let * be the partial operation given by the translation of the group operation on G 1 ×G 2 as given by Lemma 2.2. We takẽ
note that full operations on G i become partial operations on G. Also note that " 1 " 2 = " 2 " 1 = ". We will use the fact that " i | K1−i is the retraction of K 1−i onto H by G i . Because of our assumption of strong dualities, we may assume that " i | K1−i is part of the duality for K 1−i .
Let g ∈ G I for I finite or infinite, and let :G I →G be a continuous homomorphism. Then we have g = g
That is, .g/ is uniquely defined once ." 1 .g// and ." 2 .g// are known.
First we show that CLO holds. Due to the semidirect products involved, each F i .n/ is itself a semidirect product of a normal subgroup N i .n/ and F H .n/, the ngenerated free group over H. Moreover, .|N i .n/|; |F H .n/|/ = 1. That is to say, q 1 .n/ = q 2 .n/ := q.n/ for all n ≥ 0. As each K i is a quotient of G, we have |F G .n/| ≥ q.n/r 1 .n/r 2 .n/. We show that equality holds, as does CLO, by showing that there are at most q.n/r 1 .n/r 2 .n/ continuous homomorphisms :G n →G. Since preserves {"; " 1 ; " 2 }, maps K n i to K i and H n to H . In view of the strong dualities assumed for each K i , there are at most q.n/r 1 .n/r 2 .n/ restrictions of to K n 1 ∪ K n 2 ; we must show that this restriction has at most one extension to all of G n . But that was done in the last paragraph.
In order to prove INJ and that the duality will be semidirect over H, letX ≤G 
is a homomorphism, to show that is a homomorphism, it is enough to show that preserves
h. On the one hand,
On the other hand,
In order for g 1 h * g 2 h to be defined, we need to show that h = h . We do this by showing that 1 .h/ = h and 2 .h/ = h ; since 1 .h/ = 2 .h/, the result follows. Using the fact that " 2 commutes with 1 , we have
Similarly, 2 .h/ = h . Then,
showing that preserves " 1 . In a similar manner it preserves " 2 and so it is a homomorphism.
To complete the proof of INJ we need to prove that is continuous. By construction, both 1 and 2 are continuous. Using the same finite subset of I given by the continuity of i , it is straightforward to prove the continuity of i • " i . Note that * is continuous because it has finite domain. Thus, is a composition of continuous maps and so it is continuous. Moreover, we have shown that the duality is semidirect over H.
To show STR we first note that restricted to K I i , STR holds. Also recall that is defined on g ∈ G I if and only if it is defined on " i .g/ ∈ K I i for i = 1; 2. LetX ≤G I be a closed substructure and y ∈ G I − X for some set I = ∅; we define .x/ := 1 for all x ∈ X. Then, without loss of generality, we may assume that either y ∈ H I or " 1 .y/ = ∈ " 1 .X/; in either case, " 1 .y/ = ∈ " 1 .X/. Now we invoke STR forK I 1 with respect to " 1 .y/ and proceed as in the proof of INJ forG I , and we are done. We leave to the reader the verification that the value of this extension at y is not 1.
The case n = p β
Thus, we can build up our strong duality for finite metacyclic groups from that for metacyclic groups of the form G = Z p þ Ó Z m , where . p; m/ = 1. In this section we show that there is a strong duality semidirect over Z m for these groups. We assume that G is not abelian.
Let 
, there are some complications. For instance, consider the case p þ = 3, m = 4 and a b = a −1 . In this 12-element group we have Z .G/ = b 2 and G=Z .G/ ∼ = S 3 . But S 3 is not in the quasivariety generated by G (as S 3 is monolithic but not a subgroup of G). Thus, the quasivariety generated by G is not the variety generated by G. However, the variety generated by G is the quasivariety generated by Z 4 ×S 3 , see Olshanskii [3] . In general, the variety generated by G = Z p þ Ó Z m is the quasivariety generated by
In case Z .G/ = 1, we will need to work 'over the center' by using the following partial operation.
We shall show that ÁË c È.G / is a dual quasivariety of ÁËÈ.G/, wherẽ G = G; 1; Þ; +; * ; •; ?; − :
Here, 1 is the constant operation and Þ is the automorphism of G fixing a and mapping b to ab (we omit the routine but ugly computation that shows that such an Þ exists). The four operations +; * ; •; ? are each obtained from the restriction of the group operation · to certain subgroups of G 2 ; each operation is a homomorphism. Thus, + is the restriction of the group operation · to the abelian group Z m = b . Next, * is the binary partial operation obtained via Lemma 2.2 from Z p þ and Z m . More precisely, the domain of * is 
Finally, the binary partial operation ? is as given by Lemma 3.1. As always, − is the discrete topology.
First we show that the condition CLO holds.
PROOF. The proof is essentially the same as that of Proposition 4 of [2] . Let ∈ Hom(G n ;G). Since + is the original group operation on Z m , and preserves +, the restriction, | .Zm / n , is an abelian group homomorphism into Z m . There are m n such homomorphisms. Next, we examine the possible extensions of each such homomorphism. Let h = .h 1 ; : : : h n / ∈ .Z m / n and "
n under the operation * with h as its identity element. S h must be mapped into " −1 . .h// which under * is isomorphic to a subgroup of Z p þ , and | Sh must be an abelian group homomorphism from S h ; * to its image. Since preserves Þ, it is already defined on Þ.h/, hence on . Þ.h/ ; * / which is a subgroup of size p þ of S h ; * if h = 1, and is {h} if h = 1. So there are at most 
In [2] , the proof is completed by a reference to the known result that this upper bound is the size of the n-generated free group in the variety generated by the given group. In the present case, we do not have such a formula at hand. However, since every word is a continuous homomorphism, we only need to construct an n-generated group of the appropriate size in the variety generated by G. One of the referees of an earlier version of this paper gave an alternate proof by showing that the variety generated by G is the product variety p þ d , whose free spectrum is known. The proof we give here is more elementary and has the advantage that it is a more general approach to producing dualities -one 'merely' constructs sufficiently large n-generated algebras. 
As We exhibit an n-generated subgroup D of G PROOF. We show that D, the group generated by the rows of M, is a group of the required size. We show that D contains
Since the orders of H 1 and H 2 are coprime, the group generated by them has size at least
In order to show (1) 
n −1/.n−1/+n with a in itsḡ coordinate, and the coordinate of every b-mate ofḡ is 1. Now we recursively construct the a-part ofḡ. Suppose forh =ḡ that .w 0 /h = 1. Then the b-part ofh differs from the b-part ofḡ, say at component j . Look at w 1 , the separation of w 0 by the j -th row of M at the exponent t j , where t j is the j -th component of the b-part ofḡ. Then .w 1 /ḡ = a and .w 1 /h = 1. As separation preserves the entry 1, iteration eventually produes the a-part ofḡ. Clearly, the set of all a-parts of the columns of M generates a group of the required size.
In order to show (2) n −1/.n−1/+n and the n-generated free group is a semidirect product:
Let us now try to prove INJ and STR and show that the duality is semidirect over Z m . Thus, chooseX ≤G I with I not empty, y ∈G I −X , and ∈ Hom.X ;G/. We want to extend to ∈ Hom.G I ;G/ so that if ≡ 1, then .y/ = 1. Also, if ∈ Hom.Z , then we want to find ∈ Hom.G I ;G/ extending both and .
DEFINITION. Define
PROOF. Let z = ∈ X m , and so z = ∈ X m . Thus, there is a finite ∈ X m as z = ∈ X m , implying that zd.c/ = ∈ X m . Consequently, there is a finite E c ⊆ I such that w| Ec = zd.c/| Ec implies that w = ∈ X m . Define
Next, we need to see that 2 is well defined; let xc = x c with x; x ∈ X m and c; c ∈ Z .G/ I . We need to see that .x/ 1 .c/ = .x / 1 .c /. But in X m we have c c
/, and the result follows. Finally, continuity follows since and 1 are continuous by assumption, · is continuous since it has a finite domain and thus, 2 is a composition of continuous functions, and so is continuous. It is tempting to invoke the second corollary by noting that as is continuous, it depends only on some finite subset F ⊆ I . Just project X into G F and extend the projection of . Unfortunately, sinceG involves proper partial functions, the projection of X need not be a substructure and the projection of need not be extendable to a structure preserving map on G F . We can invoke Theorem 3.13 to extend to a homomorphism onG I , but we have no reason to believe that this extension is continuous. The following lemma from [2] is the key to ensuring continuity of an extension. is not a subset of a * -preserving map defined on the * -substructure generated by
PROOF. We assume that
Then by Theorem 3.13,Ỹ is a closed substructure ofG I and can be extended to a continuous homomorphism onỸ . Consequently, depends only on some finite F ⊆ I ; that is, for x; x ∈ Y with x| F = x | F , we have .x/ = .x /. Since ".b| F / = ".b/| F and since
But this latter set is the projection of the graph of a * -homomorphism on a total * -algebra, and so is the graph of a * -homomorphism on a F which extends 0 In a companion article [4] we prove that no finite group containing a non-abelian nilpotent subgroup is dualizable. That is, in order for a finite group to be dualizable, it must have abelian Sylow subgroups. From Olshanskii [3] we know that these are exactly the finite groups generating residually small varieties. We conjecture that every finite group with abelian Sylow subgroups is dualizable. We have only rudimentary results in this direction; for instance, we know that the alternating group A 5 is dualizable.
